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Identifying Salient Circular Arcs on Curves

Abstract

This paperaddressestheproblemof identifying perceptuallysignificantsegments
on generalplanar curvilinearcontours. Lacking a formal definition for what con-
stitutesperceptualsalience,wedevelopsubjectivecriteria for evaluatingcandidate
segmentations(suchas might be deliveredby an algorithm), and formulatecorre-
spondingobjectivemeasures.An algorithm is presentedattemptingto meetthese
criteria. The segmentsdeliveredhavethefollowing properties: (1) eachsegmentis
well-approximatedby a circular arc, (2) eachpair of segmentsdescribedifferentsec-
tions of the contour,and (3) the curveeither terminatesor changesin orientation
and/or curvaturebeyondeachendof everysegment.The result is a descriptionof
thecontourat multiple scalesin termsof circulararcsthat mayoverlaponeanother.

1 Introduction

How manydistinguishedpiecesor segmentscomprisethecontourin figure 1? Under

different interpretations,this figure can be viewedas a rectanglewith four roughly

straightsides,anencirclingwith eightsegments(foursidesandfour roundedcorners),

or afigure with fourteensubsegmentsasshownin figure ld. Oneis entitledto quibble

with thesecountson thebasisof hisown perceptualintuition andjudgement,but no

onewould decomposethis objectin termsof thesevenarbitrarily chosenpartsshown

in figure le. What aretheingredientsleading to a natural partitioning of a planar

contourinto smaller,perceptuallysalientpieces?

This questionis importantto computervision becausevision algorithmstypically

operateby combininglocal measurements,e.g.,edgefeatures,into moreglobal inter-

pretations,e.g. object recognitionby matchingpartsof a model object to features

in the image. Effectiveinterpretationof local measurementsrelies upon the identi-

fication of appropriatesizedunits in which to describestructurein thevisual world

[36]. Whenlocal edgeor line featureson intensityimageshavebeenlinked into ex-

tended(chaincoded)contours,theproblembecomesoneof breakingthecontourinto

smallerpiecesthat arelikely to correspondto usefulunitsof later interpretation.For
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Figure1: (b), (c) and(d) areperceptuallysatisfyinginterpretationsof (a); (e) is not.
Thealgorithmpresentedreturnstheunionof interpretations(b), (c), and (d).
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example,in an industrial settingwith rectilinearobjects,it is natural to decompose

visual contoursinto straight line segments(sides)andcircles(holes) [3].

Figure2: Straightline segmentsapproximatecurvedsectionsof a contourbut do not
describethem assignificantunits in theirown right.

While straightline segmentscanbeusedto approximateanycontoure.g. [1, 7, 11,

15, 23], theydo not lendthemselvesto thedescriptionof curvingsegmentsof contour

asunits unto themselves,as seenin figure 2. For this reason,workersin geometric

modelingaswell ascomputervisionhaveturnedto morecomplexparametricmodels,

including circular arcs [6, 10, 16, 24J,moregeneralconics [5, 271, and splines [12,

14, 19, 25]. In general,the analytic form selectedfor describingcontoursegments

shouldbe matchedto the domain-dependentprocessesthat generatethe contours;

for example,if all imagesfor a given task areobliqueviewsof circularobjects,then

elliptical modelsare appropriatefor describingthe contourswhich will be found in

the resultingimages. However,for generalpurposeimageanalysistasksin which a

priori knowledgeaboutcontourshapeis not available,a domain-independentcurve

descriptormust be used.Thepresentwork explorescurvesegmentationsin termsof

circular arc models,which are in a sensethe next most simpleform beyondsimple
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I
straight line approximationsby virtueof addingone degreeof freedom(curvature).

Most previous work with curvesegmentation,including segmentationin terms

of circular arc approximations,treatsthe problemasone of finding someoptimal

set of “knot” points which decomposethe contourinto disjoint segmentsthat meet

end to end [1, 7, 10, 12, 15, 19, 30]. This approachis well suitedto theproblemof

reconstructingthe original contourfrom an information-compressedrepresentation.

However,for purposesof visual interpretation,it canbe importantto identify very

different but equallyperceptuallysignificantsegmentsthat mayoverlaponeanother

[2, 6, 11, 16, 18]. The right side of figure la canbe viewed with equalvalidity in

termsof a single approximatelystraight line, or in termsof a numberof arcsand

short obliquelines. Either of thesedecompositionsmight be importantnaturalunits

for performing later visual tasks, for example,answeringthe questions,“Is this a

square?,”or respondingto thecommand,“Count thewiggles.”

Thus the problemwe poseis to identify all segmentsof a contour that can be

interpretedasa “natural” or “perceptuallysalient” sectionto approximateusing a

circular arc model. Unfortunately,what it meansto be perceptuallysalient is not

specifiedby any formaldefinition. Therefore,section2 of this paperattemptsfirst

to articulatesubjectivecriteriafor what constitutesa perceptuallynaturalcontour

segmentby examininga numberof prototypicalsituationsthat occuron curvilinear

contoursand appealingto thereader’sown judgements.Objectiveformulationscor-

respondingto thesecriteriaaredeveloped,andthesemaybeappliedin evaluatingany

algorithmthat purportsto decomposecontoursinto salientsegments.Next, section I
3 presentsan algorithmattemptingto meetthesecriteria.

Perceptualsaliencein image curveshasbeenlinked with contourcurvatureby

manyinvestigators.Curvaturemeasurescanbeusedeitherin rankingthe “salience”

of chain-codedsegmentsthemselves[6, 16, 33], or to establishbreakpointsbetween

segments[2, 8, 13, 17]. Alternatively, low curvaturechangeis reflecteddirectly in

certainparametricmodels(most notablya circular arc),which havebeensoughtby

filter-baseddetectiondirectly in theimage [91, by Houghtechniques[29], by iterative

optimization[22, 37] or by tokengrouping[5, 21, 26, 311. Although sometechniques
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distinguishbetweenstraight lines and circular arcs returnedas output, any such

techniqueis subsumedby purecirculararc detectionbecausethe amountof angular

extent deemedto be a “straight” arc is simply a matterof settingan application-

specific threshold. Detectionof salientstructureat multiple scalesis facilitatedin

manyapproachesby incorporatinga smoothingstepusingkernelsof different widths

[35]. By developinga moresubtlecandidateselectiontechniqueand elucidatingthe

segmentsaliencycriteria, this paperbuildsuponanoverallstrategyoutlinedby Lowe

[16] which consistsin assemblinga set of candidatemodel fits to a contourand then

pruningthis set on someheuristicbasis.

2 Criteria for Perceptually Salient Circular Arc Segments

Let us assumethat a contouris specifiedby a linked list of points equallyspacedin

the plane’. Let us also assumethat we areprovidedwith meansfor approximating

with a circular arc the segmentbetweenany two points on the contour. In prac-

tice, a standardmethodfor fitting a circle to a set of points [4, 32] works well for

smoothcontoursand for contoursdeeperthan approximately70° in angularextent,
but breaks down for noisy shallow arcs as shownin figure 3b. In the latter casea

good approximationcanbefoundby fitting first a straightline, thensimultaneously

least-squaresadjustingthey’-offset andcurvature(x’2 coefficienta = ~ underTaylor

expansionof a circleof radius= ~ tangentto thex—axisat theorigin) of a parabolic

arcas shownin figure 3c.

For a contourof length N points, thenumberof possiblesegmentsis (1 of length

N) + (2 of length N — 1) + ... + (N — 1 of length 1) = N(fr~+i)~The problemat

handis to selectout arelatively small numberofthese,preferablywithout examining

eachof them explicitly. Becauseof the combinatorics,at the outset we exclude

from considerationsituationssuchasshownin figure 4 in which a good circular arc

approximationis foundby combiningdiscontiguoussectionsof thecontour;detection

‘An algorithmfor conversionto this representationfrom a linked list of four-connectedor eight-

connectedpixelssampledfrom a squaregrid is presentedin AppendixA.
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Figure3: Standardcircle fitting method[4, 32] on a deeparc (a) andanoisy shallow
arc (b). (c) Parametersof a parabolicfit to the pointsin (b). (d) resultingcircular
arc fit.
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of this kind of visual structureis envisionedasoccurringat a later stageat which

informationarisingfrom more thanone contouris combined.
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Figure4: A singlecirculararc fits two discontiguoussectionsof this curve.

We now proceedto developcriteria useful in assessingthe efficacy of any algo-

rithm purportingto identify perceptuallysalient segmentsof a curvilinearcontour.

Thesecriteriaarefirst statedin subjectivetermsas motivatedby telling prototypi-

calexamples,and arethen expressedin termsof objectiveformulationsengineered

to reflect their respectivesubjectiveproperties.The objectivemeasuresareapplied

either individually to a singlecontour segmentapproximatedby a circular arc, or

elsepairwise. In general,thesecriteriapermit a set of curvesegmentsto be labeled

with variouspropertiesindicatingperceptualsaliencealonganumberof dimensions.

After describingtheproperties,wewill illustratetheirusein evaluatinghypothetical

segmentationsof an interestingtestcontour.

2.1 Criterion 1: Goodnessof Fit

Oneobviouspropertyfor anycontoursegmentapproximatedby aparametricmodel

is that the model shouldachievea good fit to the curve. Figure 5 illustratesthis
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point with best-fit circular arcs for a numberof equallength subsegmentsof a test

contour. Clearly, segmentsA and C bettercorrespondto natural subpiecesof the

contourthando B or D.

In seekingan objectivemeasureof goodnessof fit, at the outset we demand

the propertyof self-similarity acrossscales:thegoodnessof fit measurefor a given

segmentof a given contourmust remainunchangedif the contourand segmentare -

scaleduniformly in size. One convenientmeasureof goodnessof fit, or fit-quality,

that meetsthis criterionis thefollowing ratio I
fit-quality = (1)

where 1 is thecircular arc’s lengthand e is the maximumnearestdistancebetween

the arc and thecurve,as depictedin figure 5b. This measureimplementsa tradeoff

betweentwo competingobjectivesfoundin manypreviousstudiesof contoursegmen-

tation: (a) maximizethesizeof parametricmodelsreturnedwhile (b) minimizingthe

error betweenthe the modelsand thecontouritself. While we happento judgeex-

pression(1) preferableto, say, the ratio of arc length to averagedistancebetween

contourand arc model, variationsin an objectivemeasureof goodnessof fit arenot

critical aslong astheypreserveits overallform, includingtheself-similarityproperty.

The goodnessof fit criterioncomportswith thenotionthat for a givencurve,equally 1
valid contoursegments,asapproximatedby circular arcs, may befound to overlie

oneanotherat multiple scales,asshownin figure 5c. I
2.2 Criterion 2: Uniqueness

While Criterion 1 appliesto curvesegmentsindividually, Criterion2 appliesto a setof

segmentsattemptingto labelall perceptuallysalientsegmentsof agivencurve. This I
criterionstatesthat eachmembersegmentof suchasetshouldbeuniquein the sense

that noothersegmentin thesetshoulddescribeessentiallythesamepieceof contour.

As illustrated in figure 6, circulararc modelsof segmentswhoseendpointsare very

nearoneanother’swill in generalhaveverysimilarmeasuresoffir-quality. Intuitively,

9
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Figure 5. (a) Circular arc fits to equal length segmentsat different locations on a
curve. SegmentsA and C arewell fit by a circular arc, while B and D arenot• (b)
Geometryof a fit-quality measurebasedon theratio of circular arc length 1 to the

distancee betweenthearcand thepoint on the samplecurvefarthestfrom the arc.
(c) A curvewith similar structureat two different scales. Our fit-quality measure
returnssimilar valuesfor similarly shapedsegmentsregardlessof scale.
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I
we areinclinedto interpretthepresenceof but one unified “piece” or “chunk” of the

curvebetweentwo roughly specified locations,not several. It is sufficient to label

this sectionof the curveby returningonly one of thesesegments’circular arc fit.

From thestandpointof computationalefficiency,someform of uniquenesscriterionis I
necessarybecause,werethedistancebetweensamplepointson thecurveto decrease,

theresultingmultitudeof essentiallyredundantsegmentswould overwhelmany later I
processes.

Although theuniquenesscriterionapplieswith respectto a set of curvesegments, I
it is possibleto formulatethis conditionin termsofapair-wisemeasureon thedegreeto

which theportionof a, curvedescribedby onesegmentis alreadysufficiently described

by anothersegment.In figure6a, it is apparentthat thecirculararcfit to thesegment

P2—P3is completelysubsumedby thecirculararcfit to segmentP2—P4. Thepairwise

measureis castin theseterms,assigninganumberindicatingthedegreeto whichsome

curvesegment,SEGMENT-A, modeledby circulararc, ARC-A, is subsumedby another

segment,SEGMENT-B, modeledby circular arc, ARC-B. Figures 6b and 6c indicate

that two factors must enter into this subsumednessmeasure.The first, an overlap

factor, takesinto accountthedegreeto which SEGMENT-B coversthe samesectionof I
thecurveasdoesSEGMENT-A. If thereis no overlapbetweenthetwo segments,then

SEGMENT-A cannotbe at all subsumedby SEGMENT-B, andconversely,if SEGMENT-

A is completelycoveredthenit couldpotentially be interpretedastotally subsumed

by SEGMENT-B. The overlapfactor plays againsta second,fit-quality factor. In 6c,

SEGMENT-A is not subsumedby SEGMENT-B becauseSEGMENT-A fits thesectionof

the curve betweenits endpointsmuch more closelythan doesSEGMENT-B. Even

thoughSEGMENT-A is completelyoverlappedby SEGMENT-B, it providesinformation I
about a distinct and significantsectionof thecurvethat SEGMENT-B doesnot.

Theseconsiderationssuggestthat a numeric measureof subsumednessmay be

expressedasa productrelationbetweena termexpressingdegreeof overlapbetween

two segmentsand a term expressingthe relativefit-quality both factors must be

I
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p segment fit-qtsality
pj~—p3 79.0
P1—P4 90.4
P1—PS 95.0

a P2—P3 77.6P2—P4 91.9
- P2—P5 91.9

C

Figure 6: (a) Six curvesegmentsdescribingessentiallythe samesectionof contour
havevery similar measuresof fit-quality. (b) A segmentcanbesubsumedby another
to the degreethat its spanis completelyoverlappedby it. (c) A segmentis not
subsumedby anothersegment,even if completelyoverlapped,if its fit quality is
substantiallygreater. -
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I
presentfor thedegreeof subsumednessto be consideredhigh:

is-subsumed-by(SEGMENT-A,SEGMENT-B) =

max(0,min(1, overlaP-fraction(SEGMENT.A.SEGMENT-B)_ll))(2)

x max(0,(m~n1, relativefit.quality(SEGMENT-A,SEGMENT-B)—-,2~

whereOVerlap-f7-aCtion(SEGMENT-A,SEGMENT-B)is simplythe proportionof theorig-

inal curvewithin SEGMENT-A that is also within SEGMENT-B (a numberbetween0

and 1), and

relative-fit-quality(sEGMENT-A,SEGMENT-B) = I
fit-quality(sEGMENT-B)x arc-length(ARC-A)

arc-length(ARC-B) ‘3’
fit-quality(SEGMENT-A) “ ~‘ I

The quotientsin expression(2) implementlinear interpolationsbetweenpoints at

which it is specifiedthat eachterm supportstotal subsumednessof SEGMENT-A by I
SEGMENT-B (is-subsumed-by= 1) or no subsumedness(is-subsumed-by= 0). The

parameters-~ and -y~control, respectively,the degreeof overlapconsiderednegligi-

ble, and the degreeof fit-quality requiredto considersomesegmentwhich is totally

overlapped,significantnonetheless.(Valuesfor free parameters-y usedin thecurrent

implementationare listed in Appendix B.) Lowe [161 mentionsan analogousmecha- I
nism that addressesthe uniquenessconsiderationbut treatsoverlapcategoricallyand

doesnot tradethis factoroff againstfit-quality. I
Figure7 demonstratesour is-subsumed-bymeasurefor a numberof pairsof curve

segments. Note that this measureis not commutative: in general is-subsumed-

&y(SEGMENT-A, SEGMENT-B) ~ is-subsumed-by(SEGMENT-B,SEGMENT-A). Given

an ensembleof segments,any segmentcanbe comparedagainstnearbysegmentsto

determinethe degreeto which it is subsumedby another,andmaythereforebecon-

sideredsuperfluous.Sincethis is acontinuous-valuedmeasure,differentapplications

maytailor the useof the is-subsumed-bymeasureto particularends,e.g. by choosing

a thresholdon whento removesegmentsfrom aset asdiscussedin Section3.3.

I
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subsumed-by(A,B) = .5
.subsumed-by(B,A) = .64

subsumed-by(A, B) = .86
subsumed-by(B,A) = .5

subsumed-by(A,B) = 0
subsumed-by(B,A) = 0

subsumed-by(A,B) = .10
subsumed-by(B,A) = .19

.
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subsumed-by(B,A) = .57

subsumed-by(A,B) = .62
subsumed-by(B,A) = .73

subsumed-by(A,B) = .8
subsumed-by(B,A) =

Figure7: ExampleSof the subsumed-bilmeasure.
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I
2.3 Criterion 3: End Abruptness

A third criterion governingthe apparentperceptualsignificanceof a curvesegment

as modeledby a circular arc is motivatedin figure 8. This factor takesaccountof

thelocusof thecurveextendingbeyondthesegment’sends.Roughlyspeaking,if the

curveproceedsin a continuationofthecirculararcfit to thesegmentin question,then

that segmentis seenas lesssalientthanwhenthecurvechangesabruptly in direction

or curvatureimmediatelybeyondthesegment’sbounds. This end-abruptnessfactor

appliesindependentlyto eachof thetwo endsof acurvesegment.TheEnd-abruptness I
factoris necessarilyhigh if thesegmentboundaryoccursat aterminationofthecurve,

asshownin figure 8c. I
Basedon theseconsiderations,we may formulatean expressionfor overall-end-

abruptnessasthe minimumof the independentmeasuresof end-abruptnessat each

of theendsof a segment,whereend-abruptness= 0 indicatesperfectcontinuationof

thearc model and is considerednot at all salient,and end-abruptness= 1 indicates

severechangein directionand/orcurvatureandis consideredmaximallysalient. In

other words, smoothcontinuationof the circular arc model beyondeitherendof a

curvesegmentis sufficient to vetothat segment’soverall salience.

For the measureof end-abruptnessat oneendof a segment(not coincidingwith

a curvetermination),an initial heuristicformulationconsistsin tracing points (x,y) I
alongthecurvefor someextensiondistance,h, (h = segment-lengthprovessatisfac-

tory) beyondtheendof the segment,recordingthe maximum,end-abriiptnessc,max, I
of theexpression(seefigure 9a):

max(0,(I y’ I —e))
end-abruptness~(z,y) = max(0,min(1, )) (4)

e+x tan7~

wheree is the maximumdeviation betweenthe curvesegmentand the circular arc I
model (asin (1)). In practiceit is advantageousfor this purposeto employ an arc

fit not to the entire segmentbut to the half of the curvesegmentcontainingthis

end. Expression(4) implementsa linear interpolationbetweenend-abruptness= 0

occurringwhen curvepoint (x,y) on the extensionof the curve lies on the curve

15
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Figure 8: Theperceptualsalienceof asegmentdependsnot only on thepropertiesof
thecurvewithin that segmentbut alsoon thelocusof thecurvebeyondthesegment’s
endpoints.
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1
segment’scircular arc model, and end-abruptness= 1.0 occurringwhen the curve

veersoff sharply to the left or right of the arc. The term e in this expressionis

introducedto permit more tolerancein deviating from a low fit-quality circular arc

approximationthana perfectly fitting model.

The geometricsimplicity of this formulationnotwithstanding,empiricalobserva-

tion of manycurvesindicatesthat an additional factor must be takeninto account

in developingan expressionadequatelycapturingthe intent of end-abruptness.Fig-

ure 9b showsthat rathershallow arcing curvesegmentsappearto mergesmoothly,

without largeapparentchangein directionor curvature,with certainappropriately

orientednearlystraight (very low curvature)curveextensions.We model this effect

by introducinga secondauxiliary term (seefigure 9c):

end-abruptness,(x,y)=min(1,(v+(1.0—v) I I)) (5)

wherevandw representthecentervalueandangularwidth, respectively,ofa “trough”

centeredon the linear extensionof the circular arc in the direction indicatedin the

figure.
ifw<y5 (6)

1.0 otherwise

~ is set so that the auxiliary term only takeseffect for small w. As with end-

abruptnessc,maz,the value end-abruptness,,~~~,is taken as the maximumof end-

abruptness,over all points (z,y) on the curve out to distance,h, beyondthe end

of thesegment.Finally,

end-abruptness= min(end-abruptnesscm~,end-abruptness,m~).. (7) I
Figure 10 illustratesend-abruptnessmeasuresforanumberof representativecurves/curye-

segmentsby displayingthepointswhere end-abruptnessc,m~and end-abruptness,,max

occur. As with the fit-quality saliencecriterion, end-abruptnessis a unary property

on individual curvesegmentsthat canbe used,for example,to rank curvesegments

in order of significancealongthis dimension.

I
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e+x’ tan-y~

w
2

Figure9: (a) Geometryof thebasicend-abruptnessmeasure,whichassesstherapidity
with which the sampledcontour (open circles) deviatesfrom a circular arc model
beyondthe end of a fit segment. (b) Under someconditions a curve can deviate
strongly from continuationof a segment’scirculararc fit (segmentA) without that
segmentappearingto end abruptly. (c) An auxiliary measurementaccountsfor this
effect by estimatingthe curve’s deviationfrom a straight line (centerlinenotation)
with orientationasshown. -
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2.4 Usageand Examples

It is important to considerthe abovemathematicalexpressionsin an appropriate

context. Thesearenot strict derivations,nor aretheyfits to sampleddata,but they

are merely attemptsto engineerformal counterpartsto subjectivecriteria judged

importantto assessingthreedimensionsofperceptualsalienceof curvesegments.The

effectivenessof thesedevicesmust be assessedultimatelyby the buildersof systems

relying on the identification of significant segmentationsof planarcurvesfound in

images.It liesbeyondthe scopeof this paperto delveinto issuesof shaperecognition

or otherparticularapplicationsusing thesesegments,so for the time being it must

be left for the readerto judge the degreeto which the formal measurescorrespond

with his or her perceptualintuition. —

In orderto seehow thesethreecriteriamaybedeployed,considerfigure 11. Here,

atestcurveis presentedalongwith four setsof segments(displayedastheirassociated

circulararcfits) that might beselectedto describethecurve. For eachset,the figure

indicatesvaluesof fit-quality and end-abruptnessindependentlyfor eachsegment,

plus degreeof is-subsumed-byfactor for pairsof overlappingsegments.Segmentsin

figure lib were chosensuchthat eachsegmenthashigh fit-quality and large end-

abruptness,and so that no segmentsignificantly subsumesany other. Segmentsin

figure lic maybeviewedasslightly sloppyversionsof thesegmentsin lib; fit-quality

or end-abruptnessare degraded,but pairwise is-subsumed-byfactors are relatively

unaffected. Figure lid can be seenas an overly redundantrepresentationof the

original curve;extrasegmentsarepresentthat displaystrong is-subsumed-byfactors

with oneanother.Finally lie is a too-sparsedepictionof thecurve;certainsections

of the curve arenot identified by circulararcs that, if they were, would havehigh

degreeof fit-quality and end-abruptnessand low subsumednesswith othersegments.

A formal testof a candidatesetof curve-segmentsthusamountsto usingexpres-

sions(1), (2), and (7), to assesswherethereare redundantsegments,where “good”

segmentsaremissing,andwheresegmentsarepresentbut couldbebetterpositioned.

Noneof theseis anall-or-nonedecision;on thecontrary,by supplyingcontinuousval-

20
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CU-5243 41.1 1.0 - CU-5443 46.0 .934 -

CU—5236 69.8 .552 - CU-5444 16.9 .336 -

CU—5239 59.8 10 - CU-5445 26.? 0.0 ~U—5446 9.9931796778
CU-522? 49.9 .145 - CU-5446 14.0 .192 -

CU-5224 36.6 .461 - CU-544? 24.9 .315 CU-5448 9.071062394
CU—5214 82.6 1.0 - CU—5448 15.9 1.9 -

CU-5210 4?.? .424 - CU—5449 26.0 0.51 ClJ-5448 9.041480447
CU-5293 62.? 0.? - CU-5459 34.8 .267 CU-5449 8.113349095
CU—5194 82.5 1.0 - CU-545i 0.39 .281 -

CU—5174 223. 1.0 - CU-5452 23.3 1.0 -
CU—5154 92.0 1.0 - . CU-5453 25.3 1.0 -

CU-5145 154. 1.9 - CU-5454 158. 1.9 -

Figure ii: (a) Testcurve from [8]. (b) through(e) Setsof curvesegments(in-
dicatedby theircircular arcfits) that could beselectedto describethecurve.
Tablespresentfit-quality and end-abruptnessmeasuresfor eachsegment,plus I
the nameand subsumed-bymeasurefor the most strongly subsumingother
segment.Fit-quality <—15.0maybe consideredpoor,andfit-quality > .-s40.0
is good. end-abruptness= 1.0 is high, and end-abruptness<~ .5 is low.
subsumed-bymeasure<~.. .5 indicateslow redundancy,subsumed-bymeasure

.8 indicateshigh redundancy.Segmentsare presentedin order proceed-
ing clockwisearound the curve. (c), (d), and (e) are, respectively,sloppy,
redundant,andoverly sparseversionsof the segmentsin (b).
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I
ued measuresof their respectivepropertiesthey reflect theambiguity resultantfrom

applyingidealizedmodels.Evenso, they serveaseffectiveguidelinesfor developing

algorithmsintended to pick out segmentsof curvesthat standout clearly to any

humanobserveryet to which machineshaveheretoforebeenoblivious.

3 Algorithm I
A computeralgorithmattemptingto return a set of curve segmentswith high fit-

quality, high end-abruptness,and low pairwise is-subsumed-byfactors must be de-

signed to optimizenot only quality of results,but also computationalefficiency in

time and memory. Thealgorithm presentedherereflects this tradeoffby first pres-

electing,thenfurther pruning, a set of candidatesegmentsthat is typically several

timeslargerthanthenumberofsegmentsfinally returned,but verymuchsmallerthan I
the N(N+1) segmentspotentiallyavailableto check. Thebasicprocedureis outlined

here,elaborationfollows below:

1. Derivesmoothedand subsampledversionsof theoriginal curve,formingrepre-

sentationssuitedto analysisat all spatialscales. 1
2. Discovercandidatesegmentsby fitting straightlinesto theorientationvs. arc-

length representationsat all scales;calculatefit-quality parameterfor eachof

thecandidatesegments.

3. Compareoverlappingcandidatesegmentspairwiseandremovesegmentsin or-

der of the degreeto which they are subsumedby anothercandidate,up to a

chosenthresholddegreeof subsumedness.

4. Removeremainingsegmentsfalling below thresholdvaluesof fit-quality and/or

end-abruptness.Returnall surviving candidates.

Two crucial considerationsguidethe designof this algorithm. First, in order detect I
circulararcsofall lengthsandradii in curvesofanymagnification,thealgorithmmust

prefernospatialscale,but insteadoperateuniformly acrossall scales.Thusmotivates
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thescale-space[35] computationof step1. Second,asmuchwork aspossibleis done

in the orientationvs. arc-lengthrepresentation.Sincea circular arc in the plane

correspondsto a straight line in this representation,the algorithmcan searchfor a

particularly simpletypeof structurein this signal; furthermore,it is computationally

much less work to deal with a single one-dimensionalarray than the geometryof

curvesand circular arcs in two dimensions.

3.1 Step 1: Smoothand Subsamplethe Curve

After preprocessingby the algorithm in AppendixA to removeany city block pixel

sampling effects,the original curve is smoothedwith a truncatedGaussiankernel

(o• = P76). WeemployLowe’s [17] methodsfor performingsmoothingout to theendof

a curveandfor correctingfor curveshrinkage,althoughstraightGaussiansmoothing

in lieu of thelatterseemsnot to impact theresultsa greatdeal. Theresultis labeled

asthe Scale0 signaland storedfor later use,and is thensubsampledby a factor of

two to yield theinput for anotherGaussiansmoothingpass(identicalkernelasabove)

which in turn yieldsa Scale1 signal. Subsamplingandsmoothingstepsalternateuntil

the numberof samplesremainingin the signal is less than thekernel width of the

truncatedGaussian.This procedureresultsin a scale-spacerepresentingtheoriginal

curve at different resolutions. The tangentdirection betweensuccessivepoints is

computedto yield orientationvs. arc-length0-S representationsat all scales. See

figure 12.

The subsamplingstep servestwo functions. First, it greatly reducesprocessing

load comparedto applyingincreasinglylargeGaussiansto theoriginal signal(for an

input curveof 1000 points theentireproceduretakesonly about3 timesas long as

the first Gaussiansmoothingpass). Second,it servesto normalizefirst differencein

orientation(curvature)so that different magnificationsof the samecontourgiverise

to virtually identicalrepresentationsthat vary only by a shift alongthe scaleindex

of the contentsof the orientationvs. arc-lengtharrays. This allows the remaining

processingstepsto operateessentiallyuniformly acrossall scales.
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3.2 Step 2: Fit Straight Lines in Orientation vs. Arc Length

For every scaleorientationvs. arc-lengtharray, a two-step processis used to

identify locally straight lines which will correspondto circular arcs in the original

curve. Theseare (seefigure 13):

2a. Performsplit-and-mergesegmentation[23] to locateinitial candidatesfor end-

points of straight lines in 0-S spaceasfirst suggestedby Grimson [10]. This is

donewith a very tight error tolerancee = -~y~soasto ensurethat everyconceiv-

ableline breakpoint is found. Thesesegmentsarecombined(union operation)

with a secondsetof segmentsdeliveredby nextperformingjust themergestep

of the split-and-mergealgorithm, this time backingoff to a somewhatlooser

tolerancee = ~ so as to detectlonger, moreimperfectly straight lines. Each

resultingsegmentis adjustedby least-squaresto optimally fit its sectionof the

0-Sspacecurve. A final mergestepdetectspairsofsegmentsformingashallow

upright or inverted“v,” correspondingto inflectionsin the2D input curve.

2b. For eachline segmentin 9-S space,a segment-growingprocedureis performed.

First, an estimateis madeof the degreeof matchor fit betweenbetweenthe

straight line segmentand the correspondingsegmentof the 0-Ssignal. From

this matchestimateis derivedan adaptivethreshold,t. The segmentis ten-

tatively extendedone point to theleft, and one point to theright, and, after

updatingthe least-squaresfit including thesetentativeextensions,the match

estimatesarerecomputed.If both theleft-extendedandright-extendedmatch

estimatesexceedthe thresholdt, thenthe segment-growingproceduretermi-

nates.Otherwise,thesegmentis extendedpermanentlyin thedirectionof best

matchestimate,and theprocedurerepeats.Finally, all segmentslonger thana

threshold(2~y6)numberof (subsarnpled)pointsarereturned.

The result is a set of line segmentsin 9-S space,eachof which delimitsa candidate

segmentin the input curve,and eachof which is computedso as to correspondto

an approximatelycircular arc in this curve. Becausethis procedureis performed
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Least-squaresfit to 0-S curve for oneof thesesegments,and correspondingcircular
arc on the 2D test curve. (c) This segmentaftersegment-growing.
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independentlyat all scalesof 0-S, a given approximatelycircular arc sectionof an

input curve will quite often give rise to severalmoreor less equivalentcandidate

segments. For rather precisecircular arcs, the segmentsfound by finer scalesof

analysiswill typically deliver the best estimatesfor the endpointsof the segments,

while roughly formedarcswill be detectedonly at thelargerscales.

It is worth consideringwhy it is necessaryto performcandidatesegmentdetection

on the 0-Sspacesat different resolutionsof the input curvein scale-space,andnot,

say,simply to smooththefinest scale0-Srepresentationwith different sizekernels.

Figure 14a shows that spatially small blips in a curvecan nonethelessgive rise to

largebumpsin 0-Sspacethat obscuretruelargescalespatialeventssuchasgradual

changesin curvature.A different shortcutmight consistin attemptingto bypassthe

split-and-mergestepby detectingsuddenchangesin orientationor curvaturedirectly

in 9-S space. While this strategycannot be completelyruled out, we point out

the difficulty it faces in detectingsegmentssuchas figure 14b, for which one end

is delimitedby changein curvatureat a coarsescalewhile theotherend is defined

by a changein orientationat a fine scalewhich is absentin the coarsescalesignal.

Both the smoothand noisy versionsof this typeof segmentscorehighly on all three

perceptualsaliencecriteriadevelopedin Section1, but to identify both is beyondthe

capacityof all previouslyreportedalgorithmsweareawareof.

3.3 Step 3: Prune Redundant Segments

At this stageall candidatesegmentsfound throughanalysisof 0-S spaceare trans-

formedinto circulararcfits of theoriginal input curve.Curvefitting is performedas

asdiscussedin section2, andthe fit-quality parameteris measured.In practice,be-

causeof pixel quantizationeffectsin imagesit is not uncommonto encounterperfectly

straightcurvesegments.To avoidcomplicationsdueto thecorrespondinginterpreta-

tion that thesehaveinfinite fit-quality, wecomputethis parameterusingthefollowing
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Figure 14: (a) Curvefor which a spatiallysmall featuregivesrise to alargefeaturein
0-Sspace.(b) Curvescontainingsalientsegments(indicatedby arrows)boundedby
a purely largescalefeature(smoothjoin) on one endandapurelysmall scalefeature
(rampstep) on theother. (c) Segmentsreturnedby the algorithm. For the wiggly
curve, circular arcs representingsmall scaleand large scalesegmentsaredisplayed
separatelyfor clarity.
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modificationof expression(1):

fit-quality = max(i’g,e) (8)

Next, overlappingsegmentsare detectedafter sorting by location from one end of

theinput curve,for efficiency. For eachpair of overlappingsegments,is-subsumed-by

factorsarecomputedas describedin Section2.2. All segmentsareremovedthat are

completelysubsumedby anothersegment(is-subsumed-byfactor = 1). Remaining

segmentsare rank-orderedby the maximumamount they are subsumedby some

othersegment. Segmentsare removedin order of decreasingmax(is-subsumed-by)

factor,taking careto notethatanysegmentremovedfrom considerationcanno longer

subsumeanyothersegmentstill underconsideration.Segmentremovalproceedsuntil

somethreshold‘Yb on subsumednessis reached,at which point no remainingsegment

is subsumedby anyother to a degreegreaterthanthis threshold.

3.4 Step 4: RemovePoor Quality Segments

End-abruptnessis measuredasdescribedin Section2.3, with one minor modification.

In executingexpressions(4) and (5), wesamplepoints(z,y) not from theinput curve,

but insteadfrom thesmoothedversionof theinput curvein which thesegmentwas

detected.This modificationremovesartifactsin theestimateof end-abruptnessthat

ariseon very wiggly or noisy curves.The smoothedinput curvealsosupportscom-

putation of a smoothed-fit-qualityparameter,analogousto the previouslydescribed

fit-quality measure,that is useful later in assessingthe degreeto which thesegment’s

grossshapefits a circulararc independentof small scalewigglesor noiseit maypos-

sess.Finally, a coarsethresboldingstepremovescurvesegmentswhosefit-quality or

end-abruptnessfalls belowrespectivethresholdsyii and 7i~.

4 Results

Becausecurve segmentspossessgraded valuesof fit-quality, end-abruptness,and

subsumed-byfactors,thealgorithmis liberalin returningnearlyall conceivablysalient
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I
segments.Alternatewaysarepossibleof further refining these.For example,in fig-

ure 15 the full cadreof 130 even minimally salientcurvesegmentsreturnedby the

algorithm arereducedto the42 shownin 15b and 15c by applying a thresholdon a

composite-saliencemeasure:

composite-salience= smoothed-fit-qualityx end-abruptness (9)

It is characteristicof heuristicalgorithmssuchasthis onethat resultsareaffected

by parameterswhosesettingsareadjustedin aseat-of-the-pantsfashion.What seems I
to work well on one image mayyield suboptimalresultson another. Furthermore,

becauseof the intuitive natureof “perceptualsalience,”judgmentof the quality of

resultsmaydiffer from personto person.All resultspresentedin the paperemploy

the samefixed internalparametersettingsfor the algorithm. Figures 16 through 20

arepresentedfor thereaderto judgethe degreeto which theresultsmatchhis or her

perceptualintuition.

Failuresof the algorithmcan be of two types. First, the algorithm canfail to

identify curvesegmentsthat would beconsideredqualifiedwith regardto fit-quality,

end-adjustment,and subsumed-bymeasures.This occursfor exampleat thelocation I
indicatedby the arrow in figure 16. In this casethe algorithmfor finding candidate

segmentsby locating straightlines in orientationspacedeliversthe segmentshown I
in figure 16c, whoseendpointsextendnot quite far enoughto bring fit-quality above

the thresholdwhich wasset on the basisof testing the algorithm on other images.

Onecould changethethresholdor furthertweakthesegment-growingmoduleof the

algorithm, but it is impossibleto ensurethat other failures will not occur in other

marginalsituations.

This typeof mistakecan be considereda failure in implementationof a “theory”

of perceptualsaliencereflectedin the threecriteriaof section2. The secondtype

of failure is dueto weaknessof this theory itself; casesmaybefound where the fit-

quality, end-abruptnessandsubsumed-bymeasuresdo not correspondwith perceptual I
intuition. Such a situationoccurs in figure 17, which illustratesthefact that some-

timescurvesegmentsaremadesalientdueto their “texture,” which is not accounted
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a

b

Figure 15: (a) Circular arcsdepictingthe 130 curvesegmentsreturnedby the
algorithmon thetestshapeof figure 12. (b) and (c) Arcs depictingsmallerand
larger scalesegments,respectively,resultingfrom thresholdingthe segments
in (a) at a level of 30.0 in composite-salience(seetext).
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Figure16: (a) Testcurveu~ed”byTehandChin (seefigure 6 of [30]). (b) Circular arcs
depictingcurvesegmentswith end-abruptness>.5 returnedby thepresentalgorithm.
Small,medium,andlargescalesegmentsareshownseparatelyto highlight significant
structurefound at different scales. (c) Magnified sectionof the curvewhere the
algorithmrejectedthe potentially salientsegmentshownbecauseits fit-quality fell
below a previouslyset threshold.

I

33 I
I
I

I



- .- — — — — — — — — — — — — — — — —

1’•~

\~,

0•

S
.
S

S
S
S...

S

S

~S •S~S.

S.
S

.

S...

I,

CO



I

for by our criteria. Perhapsanothercriterion could be addedto accountfor this

phenomenon,but we do not attemptto do so here.

I
Figure 17: Thethreecriteriaof Section2 do not accountfor segmentsmadepercep-
tually salientdueto their contourtextureproperties.

Figure 18 illustratesthealgorithm’sself-similaritywith respectto scale;arcsare I
found in comparableplaceson ellipsesof all sizes. Finally, figures 19 and 20 show

curvesegmentsfoundon edgemapsderivedfrom real images. I
Thealgorithm’scomputationalrequirementsaredominatedby theeffort required

to fit circulararcsto candidatecurvesegmentsandcomputetheirfit~qualityand end- I
abruptnessmeasures.Total computetime is 70 secondsfor thetestcurveof figure 12

(1270imagecurvepoints) on a mid-1980’seraworkstationrunning Lisp. a
I
I
I
I
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Figure 18: (a) “Ellipses” test imagedueto A. Etemadi.(b) Circular arcsde-
picting curvesegmentswith overall-salience>15.0 returnedby thealgorithm.
Notesimilarity of resultsfor ellipsesof different sizes.
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Figure 19: (a) “Phone” test image due to A. Etemadi. (b) Circular arcs
depictingall curvesegmentsreturnedby the algorithm (312 segments).
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Figure 20: (a) Testimagedue to Lowe [17]. (b) and(c) Circulararcsdepicting
salientcurvesegmentswith end-abruptness>.5 at smallerand largerscales,
respectively(769 segments).
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I
5 Appendix A: Curve PreprocessingAlgorithm I
This algorithmconvertsa linked list of pointsspacedunevenlyalongaplanecurveinto

a list of evenlyspacedpoints approximatingthe original curve. This preprocessing

stepremovescity blockpixel quantizationeffectsof four-connectedor eight-connected

curvesprior to workingwith the0-Srepresentation.Seefigure 21.

initialize output-curve(O)~— input-curve(0) ;first point of outputcurve

initialize ii— 1 ;input curveindex

initialize o i—. 0 ;outputcurveindex

initialize d ~ euclidian-distance(output-curve(o),input-curve(i))

loop until (i> curve-length)doing -

loop until ((d> ‘Y13) or (i> curve-length))doing

i4—(i+1)

d euclidian-distance(output-curve(o), input-curve(i))

endloop

loop until (d < 1.0) doing

output-curve(o+1)i—. [unit-stepfrom output-cur’ve(o) in direction from

output-curve(o) to znput-curve(z,)]

d ~— euclidian-distance(output-curve(o+ 1), input-curve(i))

o4—o+1

endloop

endloop
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Figure21: X’s: samplepoints on a testcurve. Opencircles: points returnedby the
curvepreprocessingalgorithm.
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6 Appendix B: Valuesof Free Parameters

Thefollowing arevaluesof thefreeparametersof theperceptualsaliencecriteriaand

curvesegmentidentificationalgorithmusedin thecurrentimplementation. I
parameter value use

‘11 .5 subsumed-bymeasure

‘12 .1 subsumed-bymeasure

‘13 30° end-abruptnessmeasure

‘14 .2 end-abruptnessmeasure

‘75 20° end-abruptnessmeasure I
‘76 .2 Gaussiansmoothingkernelwidth

‘17 .15 candidatesegmentgeneration

‘18 .4 candidatesegmentgeneration

.25 fit-quality measure -

‘110 .6 subsumed-bythresholdfor
pruningcandidatesegments

‘lii 15.0 fit-quality thresholdfor
pruning candidatesegments

‘112 .1 end-abruptnessthresholdfor

pruning candidatesegments

713 1.3 - curvepreprocessing

I
I
I
I
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